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Abstract: Jeffrey and Kirwan [?] gave expressions for intersection pairings 
on the reduced space of a particular Hamiltonian G-space in terms of iterated 
residues. Tlie definition of quasi-Hamiltonian spaces was introduced in [?]. 
In [?] a localization formula for equivariant de Rham cohomology of a com- 
pact quasi-Hamiltonian G-space was proved. In this paper we prove a residue 
formula for intersection pairings of reduced spaces of quasi-Hamiltonian G- 
spaces, by constructing a corresponding Hamiltonian G-space. Our formula 
is a close analogue of the result in [?] . In this article we rely heavily on the 
methods of [?] ; for the general class of compact Lie groups G treated in [?] , 
we rely on results of Szenes and Brion-Vergne concerning diagonal bases. 



1. Introduction 

Alekseev, Meinrenken and Woodward [?] (see also [?]) proved a formula for 
intersection numbers in quasi-Hamiltonian G-spaces, spaces which had been in- 
troduced in [?]. Our objective is to prove a close analogue of the formula in 
[?] modelled on the proof for intersection numbers in moduli spaces of repre- 
sentations of the fundamental group of a Riemann surface [?] , using the residue 
theorem. 

Our formula reduces to a sum over components F of the fixed point set of 
subtori 5 of T for which T/S acts locally freely on F. Our formula is a close 
analogue of the formula in [?]; in Section 6 we comment on the differences between 
the two formulas. 
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We remark that the moduli spaces of interest in [?] are reduced spaces of a 
quasi-Hamiltonian space, namely the product G'^^ where G = SU{n) and h is the 
genus of the Riemann surface. 

The most important new results treated in our article are as follows. First, we 
observe that the method used in [?] (by the first author and F. Kirwan) applies 
to quasi-Hamiltonian spaces more generally, not only to G"^^. Second, we adapt 
this method using the diagonal bases of Szenes and Brion-Vergne [?, ?, ?] which 
enables us to treat quasi-Hamiltonian spaces with an action of any compact Lie 
group G, not only G = SU (n). Finally, our inductive treatment of the fixed point 
set (Theorem ??) means that it is unnecessary to identify the components of the 
fixed point set at each stage of the induction. 

The layout of this article is as follows. In Section 1 we recall the properties 
of quasi-Hamiltonian G-spaces (spaces with group-valued moment maps) and 
we state Szenes' theorem (which enables one to pass between sums over the 
weight lattice and iterated residues) . Finally we recall the residue theorem which 
expresses intersection numbers of reduced spaces of Hamiltonian systems in terms 
of fixed point data on the original Hamiltonian system. In Section 2 we construct 
the Hamiltonian space corresponding to a given quasi-Hamiltonian space. In 
Section 3 we summarize material from [?] on equivariant Poincare duals, and in 
section 4 we summarize material from [?] on periodicity (an important property 
of Hamiltonian spaces corresponding to quasi-Hamiltonian spaces). 

In Section 5 we prove a residue formula (Theorem ??) for intersection numbers 
in the reduced space of a quasi-Hamiltonian G-space (where G is a compact Lie 
group). In Section 6 we recall the results of Alekseev, Meinrenken and Woodward 
[?] and give a proof of a close analogue of the main result of [?] by combining 
Szenes' theorem with our residue formula from Section 5. We describe the differ- 
ences between the two formulas. Finally in Section 7 we describe some concrete 
examples. 

The main result of [?] (Theorem 5.2 of that article) is stated in terms of a sum 
over the dominant weights A of a group G (which are identified with elements of 
t using an inner product on the Lie algebra of G) and over the components F 
of the fixed point set of the vector field vx on M associated to the action of A. 
Theorem 5.2 of [?] is closely related to Theorem ??, as we show using Szenes' 
theorem. We need to use a very special case of Theorem 5.2 of [?] (Proposition 
??), the case when G is a torus acting locally freely on M; we expect that this 
special case may have a proof independent of the proof given in [?] . 

Our proof of an analogue of Theorem 5.2 of [?] sheds light on a novel feature 
of quasi-Hamiltonian spaces, namely the components F of the fixed point set of 
some subtorus S oi T for which T/S acts locally freely on F. Unlike the case 
of Hamiltonian T-actions, it is possible that the fixed point set M'^ is empty 
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although some connected subgroups S oi T have nonempty fixed point sets - an 
example due to Chris Woodward (treated in Section 7 (Example 7.3)) demon- 
strates how this situation may arise. 

1.1. Group- valued moment maps. Throughout this paper G denotes a com- 
pact Lie group of rank r with Lie algebra g. A G-manifold is a compact manifold 
M together with a right action of G. 

Definition 1.1. For ^ E g we denote by the vector field on M generated by ^. 
Let X £ ^^{G) denote the canonical closed bi- invariant 3- form on G: 

x = ^{0,[o,o]) = ^{e, [e,e]). 

Here we have introduced a bi-invariant inner product (•, •) on g, and we denote 
by 9 the left-invariant Maurer-Cartan form, while 9 denotes the right-invariant 
Maurer-Cartan form. 

Definition 1.2. [?] A quasi-Hamiltonian G-space is a G-manifold M together 
with an invariant 2-form oj G r2(M)'^ and an equivariant map $ € C°°{M,G)^ 
(the quasi-Hamiltonian moment map) such that: 

(1) The differential of oj is given by: 

djuj = -$*x 

(2) The map $ satisfies 

,{„^)u = ^^*{9 + 9,0 

(3) At each x G M, the kernel of Ux is given by 

kevujx = {J^^x),^ e ker(Ad$(j;) -|- 1)} 

By analogy with Meyer-Marsden-Weinstein reduced spaces, quasi-Hamiltonian 
reduced spaces are defined in the following way. Let ^ G G be a regular value 
of the quasi-Hamiltonian moment map The preimage ^~^{g) is a smooth 
manifold on which the action of the centralizer Gg is locally free. Then the 
reduced space Mg = ^~^{g)/Gg is a symplectic orbifold. 

Theorem 1.3. (quasi-Hamiltonian reduction, [?]j Let M be a quasi-Hamiltonian 
Gi X G2-space and g G Gi be a regular value of the moment map $1 : M — > Gi. 
Then the pull-back of the 2-form uj to ^^^{g) descends to the reduced space 

Mg = ^^\g)/Gg 



840 



Lisa Jeffrey and Joon-Hyeok Song 



and makes it into a quasi-Hamiltonian G2-space. In particular, if G2 = {e} is 
trivial, then Mg is a symplectic orbifold. 

1.2. Szenes' Theorem. 

1.2.1. General G. Let G be a Lie group of rank r with maximal torus T. The 
general version of Szenes' theorem (Theorem ?? below) is proved in [?]; a different 
proof is given in [?] (Theorem 27). We shall require the following definitions. 

The fundamental Weyl chamber is denoted t+; it is a fundamental domain for 
the action of the Weyl group on t. 

We define variables {Yj, j = 1, . . . ,r} by Yj = ej{X) for X G t and ej denoting 
the simple roots of G. 

If g{Yk, ...,Yr) is a meromorphic function of Y^,...,!^, we interpret 
ResY,.=og{Yk, Yr) as the ordinary one- variable residue of g regarded as a func- 
tion of Yfc with ...,Yr held constant. 

Definition 1.4. ([?]) Let Y be a real vector space and let A G V* be a finite 
collection of dual vectors. The set 

n = U«6A{a = 0} 

is called a hyperplane arrangement. An element in V is called regular if it is not 
in Ti.. 

Remark 1.5. For our purposes V = t, the Lie algebra of the maximal torus T. 
Definition 1.6. The ring is the set of rational functions with poles on Ti.. 

A subset cr of A is called a basis of A if the elements a e a form a basis of 
V. We denote the set of bases of A by ^(A). An ordered basis is a sequence of 
elements of A whose underlying set is a basis. 

Definition 1.7. If a is a basis of A we let 

and call (j)a- a simple fraction. The collection of simple fractions is denoted S/\. 

Definition 1.8. ([7], before Definition 4) When t = (aij, . . . , a^^) is an ordered 
basis of t and X E t <Si C, , we define variables ZJ = ai- {X) for j = 1, . . . ,r. If 
f is a meromorphic function on t (8) C, then we define 

Res^(/) = Reszj-=o ■ ■ ■ Resz^=o(/) 

for X et^C. 

Remark 1.9. Note that the value o/Res'^(/) depends on the ordering of the basis 

T. 
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Definition 1.10. Let \ be a real vector space. A diagonal basis OB is a subset 
of the ordered bases OB{A) formed from a collection 

A = {«!,..., Qat} 

of elements o/V* (so that the null spaces of the aj specify a collection of hyper- 
planes inV) satisfying the following conditions: 

(1) The set of simple fractions (f>a corresponding to the bases a G OB forms 

a basis of S/\ 

(2) The collection of meromorphic functions on V (8) C given by 

(for a € OB given by a = (af^ , • • • , satisfies 

Rcs^((/),) = SI, 
where ZJ = aj. {X) when r = {aj^ , ■ ■ ■ , ctj^ ) • 

Remark 1.11. Note that a diagonal basis is not a basis for V, but rather a 
collection of bases for V (which give a basis for the distinguished subset of 
the meromorphic functions on V determined by the hyperplanes in A). 

Remark 1.12. ([?], Proposition 14; [?], Proposition 3.4) A total order on A 
gives rise to a diagonal basis. 

Theorem 1.13. [Szenes' theorem] [?, ?] Let f be a meromorphic function on 
t (g) C with poles only on a collection A of hyperplanes. Let N 6e a lattice in t 
and Nrcg the regular points in N. Let M be the lattice dual to N. Let OB be a 
diagonal basis associated to the hyperplane arrangement A. Then 

(1.1) J2 e<*''™>/(27^^n) = ^ Res'^ {f{z)FU-z)) . 

Here, for a G OB we define 

^"^■^^ = iM/M^I TT (l_e«W) 

where TZ{t, a) = {u E M| t — u = Ylaea '^a^;, < tZq < 1}. It follows that TZ{t, a) 
is in bijective correspondence with M/Mg-, where M^- = ffiago-^a <^ M. 

Remark 1.14. Notice that the left hand side of (?7) is independent of the choice 
of diagonal basis OB. 

Remark 1.15. For our purposes N is usually the integer lattice C t and M 
the weight lattice. 
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1.2.2. G = SU{n). The Lie algebra t = t^-i of the maximal torus T of SU{n) 
is 

(L3) t = {(Xi, X„) G : Xi + ■ ■ ■ + X„ = 0} 

Define coordinates Yj = ej{X) = Xj — Xj^i on t for j = 1, n — L The positive 
roots of SU{n) are then jjk{X) = Xj — Xk = Yj + ■ ■ ■ + Y^-i ior 1 < j < k < n. 
The integer lattice of SU{n) is generated by the simple roots ej,j = 1, n — 1. 
The dual lattice to with respect to the inner product (•, •) (in this case the 
Euclidean inner product on M" restricted to the hyperplane (??)) is the weight 
lattice A"' C t ; in terms of the inner product (•,•), it is given by A"' = {X G 
t -.Yj for j = 1, ...,n - 1}. We define also K^^g = {X G A^ : ^jk{X) ^ 
for any j ^ k}. 

Definition 1.16. Let / :t(8)C— >C he a meromorphic function^ of the form 

/(X)=5(X)e-^W 

where 7(X) = ^lYi -\ h jn-iYn-i for (71, ...,7„-i) G We define 

(1-4) [[7]] = ([[7]]i,-,[[7]]n-i) 

to be the element of W^"^ for which < [[7]]^ < 1 for all j = 1, ...,n — 1 and 

[[7]] = 7 rnod Z""-^. (In other words, [[7]] = X^j=]^[[7]]jej is the unique element 
of t = M""^ which is in the fundamental domain defined by the simple roots for 
the translation action on t of the integer lattice, and which is equivalent to 7 
under translation by the integer lattice.) 

We also define the meromorphic function [[/]] : t (g) C — > C by 

[[/]](X)=3(X)e-[WlW. 

Theorem 1.17. [Szenes' theorem for SU{n)] Let f : t ® C ^ C 

he a m,eromorphic function of the form f{X) = g{X)e~'^^^^ where "y{X) = 
7iyi+, +7„_il^j_i with < 7n-i < 1, and g{X) is a rational function of 
X decaying rapidly at infinity with poles only at the zeros of the roots 7^^. Then 



(L5) J2 /(27r^A) = ResY,=o...ResY„_,-. 



(e-y^-i - 1) . . . {e-y^ 



where Wn-i is the Weyl group of SU{n — 1) embedded in SU{n) using the first 
n — 1 coordinates. 

Definition 1.18. Let c he an element of Z(G) (the center of G). 

Remark 1.19. Note that Theorem ?? refers to a particular diagonal basis for 
SU{n) which does not generalize to other Lie groups. See Section 5.3 of [?]. 
Applying Theorem ?? to the case G = SU{n) we obtain an alternative formula 
for the left hand side of ('^.'^ ). 



1. We shall use this notation for a particular class of rational functions g. 
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1.3. Residue formulas for the Hamiltonian space. Let A'^ be a symplectic 
manifold with a Hamiltonian G-action. We denote the moment map by /x : iV — > 
g* , and define the symplectic reduced space 

(1.6) ATred = fi-\0)/G. 

(Note that n will refer to moment maps for Hamiltonian group actions, while 
$ refers to moment maps for quasi-Hamiltonian group actions.) The symplectic 
form on iVred will be denoted a;red- We define 

(1.7) u)iX)=uj + niX) 

Then Co G Q,q{N) and it is closed under the Cartan model diff'erential and thus 
defines an element [co] G Hq{N). Here ^Iq{N) refers to the collection of elements 
of degree 2 in the Cartan model, while Hq{N) is the equivariant cohomology of 
N with complex coefficients. See for example [?]. 

Suppose is a regular value of /x. Then there is a natural map k : Hq{N) 
H*{Nred) defined by 

K : H*g{N) ^ H^{fi-\0)) ^ H*{Nred). 

It is obviously a ring homomorphism. A similar map is defined for quasi-Hamilto 
-nian G-spaces, which we shall also denote by k. 

The residue theorem ([?], Theorem 8.1) gives a formula for the evaluation of 
K{r]) on the fundamental class of A^red- Guillemin and Kalkman and independently 
Martin have given an alternative version of the residue formula which uses the 
one-variable result inductively: 

Theorem 1.20. ([?] Theorem 3.1; [?]j Suppose N is a compact symplectic mani- 
fold acted on by a torus T in a Hamiltonian fashion with moment map ji, and r] G 
H^(N). The corresponding Kirwan map is denoted by kt '■ H^(N) — >■ H*{Nj.ed)- 
Assume Q is a regular value of jx. Then 

I i^T{r]) = Y^ / KT/Ti{Resir]). 

Here, Ni is a component of the fixed point set of a circle subgroup Ti = of 
T (so that niNi) are critical values of n): it is a symplectic manifold equipped 
with a Hamiltonian action ofT/Ti and the natural map kt/Ti '■ H^^j,_^{Ni) — >■ 
H*{{Ni)red), where {Ni)red is the reduced space 

(/^r/Tj-^(0) 
(T/Ti) 

for the action ofT/Ti on Ni. We choose a ray A from to the complement of 
the moment map image of N , and sum over those components Ni whose moment 
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map image intersects X. The map Resi : H^(N) H^^j,^{Ni) is defined in [?] 
(3.6) as 

(1.8) Resiiri) = Resx,=oC-^) 

where 

is induced from the inclusion map ijsf-^ '■ Ni N, e^^ is the equivariant Euler 
class of the normal bundle to Ni in N , and Xi € ti zs a basis element for t\. 
We have introduced the notation to denote H^{pt). 

The notation means the sum over those Ti and Ni for which a (generic) 
ray A in t* from to the complement of /xt(-^) intersects /xt(-^i)- We will use 
this theorem to allow us to make an inductive argument. 



2. Construction 

Let M be a quasi-Hamiltonian G-spacc, where G is a compact Lie group, with 
moment map $ : M — > G and u G $7^(Af)'^. Recall that in Definition ?? we had 
chosen an element c G Z{G). 

We can construct a corresponding Hamiltonian G-space M as follows. Let 
M = {(m, A) G M X g|$(m) = cexp(A)} and /x : M x g — >■ g is defined by 

/x(m, A) = -A. 

Then the following diagram commutes: 



(2.1) 



M 

TTl 

M 



g 



cexp 



G 



Since dexp* x = 0, we can find a G J^^(g) such that da = exp* x- We sec that 
d(7r*aj — fj,*a) = 0. The space M becomes a Hamiltonian G-space with moment 
map fi and the invariant 2-form 



(2.2) Lo-n^i 
Let Tj G Hq{M). We want to evaluate 



/ 



*-i(c)/G 



K{r]e^) 
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^From our construction, we see #-i(c) = /i-^(O). Therefore 

(We have assumed $ is proper, so these spaces are compact.) So we wiU evaluate 
the integral over /x~^(0)/G. 

We face the difficulty that M may be singular. In order to overcome this 
problem we will use the Poincare dual introduced in the next section. 



3. Equivariant Poincare Dual 



Since we know that M x g is always smooth, we will work with integration 
over M X g, instead of working with integration over M. 

Lemma 3.1. (^?] Corollary 5.6) Let T he the maximal torus of G acting on G 
by conjugation. If c G T then we can find a T-equivariantly closed differential 
form a G J7^(G) on G with support arbitrarily close to c such that 

r]a = r]\c G 

Jg 

for all T-equivariantly closed differential forms rj G J7y(G). 

Remark 3.2. The proof of Lemma ?? given in [?] is for the case G = SU{n). 
Similar arguments apply for general G. 

Proposition 3.3. (^?] Proposition 5.7) Let P : M x g ^ G be defined by 
(3.1) P : (m, A) ^ $(m) exp(-A), 

and let c &T, so that M = P~^{c). Let a = P*d (where a was defined in Lemma 
?? Hence for r] G J^^(M x g), 




Definition 3.4. Let N be a Hamiltonian G-manifold with moment map ji : N ^ 
g*. We introduce the notation N//G to denote the symplectic quotient ii~^{0)/G.^ 

We have M//G = {P'\c) n fi-\0))/G. 



2. This notation is borrowed from algebraic geometry, where it refers to the geometric 
invariant quotient of a Kahler manifold by the action of a reductive group, which is identified 
with the symplectic quotient of the maximal compact subgroup. Strictly speaking the notation 
does not apply to our situation since the objects we work with are not usually Kahler manifolds. 
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Let V he a small neighbourhood of c in G. In fact, if V is any neighbourhood 
of c in T containing the closure of V then^ 



/ r]a = Ir] & Hq 

Jp-^(v') Jm 



Proposition 3.5. (Reduction to the abelian case) [S. Martin [?]/ If T is a 

maximal torus of G and M is a symplectic manifold equipped with an effective 
Hamiltonian action of G, then denote by /j, : M ^ g the moment map for G and 
fix '■ M ^ T the T moment map. Assume is a regular value of fi. Then for 
any regular value ^ of ht sufficiently close to and rj G H^{M)^ we have that 

(3.2) / ^^^^en = ^.l 4{^ven 

(3.3) = ^ / 4{Vr,en 

where ni is the order of the stabilizer in G of a generic point of fi~^{0) and Uq 
(respectively Hq) is the order of the stabilizer in T of a generic point of //^^(O) 
(respectively fj,~^(0)). Here the polynomial X> : t — > R is defined by 

(3.5) V{X) = l[^{X) 

7>0 

The equalities (?7) and (?7) are valid when the restriction of r) to n~^(t) has 
compact support, or when /x is proper. The equality (?? ) is valid provided is 
proper. 

Remark 3.6. The equality (7?) is proved in [?], where explicit formulas for the 
left and right hand sides are proved (establishing the equality). 

Remark 3.7. // a symplectic manifold N is acted on by a compact Lie group G 
with maximal torus T, we use the fact that 



-\f)) = ii-\t)r\ii^\Q) 



to apply Theorem ?? when G is nonabelian. Note that //~^(t) is smooth because 
it can be written as (//"*" )~^(0) where jj,^ = tt"*" o/x for tt"*- : g — > t"*" the projection, 

and we can easily prove d^^ is surjective because is equivariant. Although the 
hypothesis that fi : N ^ g is proper does not imply that jiT '■ N ^ t is proper, it 
does imply that fir ■ M^^(t) — > t is proper. 



3. After Lemma ?? we shall replace by a space V constructed there with c € V. 
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Remark 3.8. By using Proposition ?? we can relax the condition from Definition 
?? that c G Z{G) to c satisfying a constraint which implies that ^'~^{c)/T is 
an orbifold. See Lemma ?? below. 

Lemma 3.9. (cf. [?], Lemma 5.10) Let c e T be a regular value of P. Then 
iP~^{V) n /i-i(0))/r is an orbifold (for V as above). 

Proof. Our first observation is that near o 7ri)~^(c), M is endowed with a 
symplectic structure, since there is a G-invariant neighbourhood V C G con- 
taining c such that the restriction of the closed 2-form u) (defined in (??)) to 
($ o Tri)~^{V) is nondegenerate. This is true for the following reason. Consider 
the diagram (??). The space M is a smooth manifold, so the space M is smooth 
on the preimage under $ o tti of all regular values of c exp (these regular values 
contain a neighbourhood V C G of c). The two- form oj is closed on M. The map 
fi satisfies the moment map condition dfi^ = oj^v^, •) on M. (See [?] and [?].) Fur- 
thermore the 2-form uj descends under symplectic reduction from ($ o Tri)~^{V) 
to the standard symplectic form on /i~^(0)/G. It follows that u is nondegenerate 
on ($ o7ri)~^(F), which is an open neighbourhood of /i~^(0) in M. 

We know that c is a regular value for P : M x g ^ G, and therefore we can 
choose the neighbourhood V so that all points of V are also regular values of P (by 
standard properties of the rank of a differentiable map). Because M n $~^(y) 
is symplectic, with moment map n related to $ as in (??), G acts with finite 
stabilizers at all points of ($o7ri)~^(F)n/i~"^(0). This implies that T also acts with 
finite stabilizers at ah points of ($o7ri)-^(y)n/x-^(0). Hence P-^{V)r\ii-^{0)/T 
is an orbifold. □ 

We define a one dimensional torus Ti = in G generated by a chosen element 
ei in the integer lattice of the Lie algebra of a fixed maximal torus T. The 
corresponding coordinate will be denoted 

(3.6) Yi = {e\,X). 

Then Ti is identified with via 

The one dimensional Lie algebra ti is spanned by ei. Its orthocomplement in t 
(under the inner product) is defined Define Tr-i to be the torus given 

by exp(tj._i). Also define Tj.^i to be the quotient torus T^-i = T/Ti, so that its 
Lie algebra is also t^-i. 

Lemma 3.10. (cf. [?], Proposition 6.5) There is a T -invariant open neighbour- 
hood V d G for which the group T^-i acts locally freely on P~^(V) fl ix'~^{ti), so 
P-^(V) n /x-^(ti)/rr_i is an orbifold. 
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Proof. Consider the map P : M x g — > G defined at Proposition ??. This is a 
G-equivariant map (where G acts on g and G by the adjoint action). 

Let Ur-i C M be the subset of M where Tr-i acts locally freely. There is an 
open dense subset W of M for which open neighbourhoods of x are equipped 
with Hamiltonian G actions fi : Wx g- (See [?].) 

Let 

Mg = {m € M \ G acts locally freely at m}. 
This set is T invariant. 

We note that d$ : T^Mq — > T^(^x)G is surjective for all x G Mg, and by the 
inverse function theorem this implies $(Mg) is an open subset of G. 

Hence P{Mg x ti) is also an open subset of G. 

We define V = P{Mg x ti). This is a T-invariant open set. ^Prom now on, 
without loss of generality we replace our earlier open neighbourhood V d G 
(introduced after Definition ??) by V, and we redefine c to be a point in V. 

□ 

We extend the definition of the composition 

K ■ H^{p-\c)) ^ H^{p-\c) n fi-\0)) ^ H*{p-\c) n H~\0)/T) 

to 

K : H^{P-\V)) ^ H^{P-\V) n n-\0)) ^ H*{P-\V) H n~\0))/T). 
By Proposition ?? we have 

/ K{r]) = / K{r]a) 

Jp-i(c)nAt-i(o)/T 7p-i(v)nM-Ho)/T 

where rj G Hq{M). The class a is the Poincare dual of P~^(c) in P~^(V). 

4. Periodicity 

The space M is noncompact, so many standard results in symplcctic geometry 
cannot be applied without further analysis. To handle the difficulties of non- 
compactness we rely on the fact that the moment map /x is proper (because $ 
is proper and fi~^{U) = $~^(expC7)) and use a relative version of Guillemin- 
Kalkman's theorem (Proposition ??) which is valid provided the inverse image 
of a closed interval under the moment map for a circle action is compact. Using 
Proposition ?? we reduce to the components of the fixed point set of the circle 
action for which the moment map takes values in a closed interval. Since the mo- 
ment map for this circle action is proper there are only finitely many components 
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of the fixed point set whose moment map takes values in this closed interval, so 
the sums in Proposition ?? and Lemma ?? are finite sums. 

Proposition 4.1. ([7], Proposition 6.3;[7]) For any symplectic manifold M equippt 
with a Hamiltonian action ofT = such thatTr-i acts locally freely on /x-^ (0), 

the symplectic quotient ii^^{Qi)/T may he identified with the symplectic quotient 

of 1^-,^ {0)/Tr-i by the induced Hamiltonian action ofTi. Moreover if in addi- 

1^ — 1 

tion Tr acts locally freely on /Lt^^(O) then the ring homomorphism k : H^ (M) — ^ 
H* {ji-i^l (0) /Tr ) factors as 

(4.1) K = kiO Kr-l 

where 

.r-, : HUM) ^ Hli^-JjO)) ^ ^t,xf._,(^fl(0)) ^ ^t, W/^^-i) 
and 

: H*^^{^iZ^JO)/fr-l) ^ i?*((M~;_^(0)nAi^^i(0))/(f,_ixfi)) ^ H*{ti^^{0)/Tr) 

are the corresponding compositions of restriction maps with similar isomorphisms 
(i.e., Kirwan maps). 

Remark 4.2. Let and T^-i be as above Proposition ??. Note also that 

(4.2) K = kr-l O Ki 

where 

Ki:H^{M)^H*^^^^^il,Z^iO)/f,) 

and 

kr-l : H*^^^^^{fi:^\0)/fi) ^ H^{fi-\0)) - i/*(/x^i(0)/r) 

are defined in a way similar to the definitions of ki and Hr-i given in the state- 
ment of the previous proposition. 

We introduce the notation k° : H^{M) i7*(^-^(0)/G) to mean the com- 
position of the restriction map Hq{M) Hq{ii~^{0)) and the isomorphism 
^g(/^"HO)) = H*iii-^{0)/G). The map 4 : H^(M) H*{ii-^{{))/T) is 
defined similarly, and in the same way Kj< : H^{M) H^{M PI fi~^{t)) 
H*{M n /i-^(0)/T) (since /U-i(O) = /U^^(O) n /U-^t)). The maps are defined 
in the same way, except that /U~^(0) is replaced by /U~^(^). 

Proposition 4.3. (Dependence of symplectic quotients on parameters) 
[Guillemin-Kalkman [?]; S. Martin [?]] Let M be a Hamiltonian T -space 
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for which the moment map is proper. IfT = U{1) and is the order of the 
stabilizer in T of a generic point of /i^^(O) then 



V Res^ ne^^(^)^ / ^(^)^'^ 



Ee£-4o<iJ.T{E)<^i 

where X E C has been identified with 2mX G t (8> C and < ^^f^ two regular 
values of the moment map. Here £ is the set of all components E of the fixed 
point set of T on M. 

Lemma 4.4. ( cf. [?] Lemma 6.7) Let M he a quasi- Hamiltonian G-space for 
which $ is proper,'^ and let the space M be defined by Suppose rj £ Hq{M). 

IfV is as defined in the proof of Lemma ??, and we define M = P~^{c) for some c 
in V so that (by Lemma 11) P~^(V) f] //~^(ti)/Tr_i is an orbifold and we define 
N[V) = P^^(V) P|/i^^(0)/T, then this hypothesis implies also that is a regular 
value of fJ'rp^f_^ : E t/ti for all E £ £, where £ is the set of components of the 

fixed point set of the action of Ti on M x ti. We then have that 

(4.3) / K{r)e'^e-^'a) = [ K{r]e^a) 
Jn(v) 7p-i(v)nM-Hei)/r 

(4.4) = / K{rie'^a)-no I Kj.,fResYi=o^^^^-^. 

Here eg is the Ti-equivariant Euler class of the normal bundle to E in M, 
while uq is the order of the subgroup of Ti/(Tif]Tr-i) that acts trivially on 
P~^{V) n /i~^(ti), and Yi was defined in (11). Also a is the T-equivariantly 
closed differential form on M x t given by Proposition 11 which represents the 
equivariant Poincare dual of M, chosen so that the support of a is contained in 
P-i(V). 

Proof. Note that throughout this proof we make extensive use of Remark 11. 
Since ;u~^(ti) = M x ti is contained in ^u-^ (0), it follows from Lemma 11 that 

Ir—l 

P~^ {V) Ci iJ,~^ {t\) /Tr-i is an orbifold. (Here we let = tt^^ o/x, and tt^^ : t — > ti 
is the projection corresponding to the bi-invariant inner product.) The restriction 
of jjLf^ to /i~^(ti) is proper, because if C C ti is compact, then 

M^^i(C) = {(x, A) eMxC: ^x) = exp(A)}. 



4. The hypothesis that $ is proper is satisfied in many examples, including all compact 
examples. 
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This is compact because C is covered by finitely many compact subsets J7 of ti 
on each of which the restriction of the exponential map to ti is a diffeomorphism, 
and on each U we find that {(a;,A) e M x U : ^{x) = exp(A)} = ^-^(expt/), 
which is compact because $ is proper. Also, the support of a is contained in 
P~^(V). To apply Proposition ?? we need that and ei arc regular values of 
fiT '■ — > t. This follows from Lemma ?? where it is shown that A^(V) is an 
orbifold. (Note that by definition N{V) is identical to p-^(V) n iJ,-^{ei)/Tr.) 

Hence Guillcmin and Kalkman's proof of Proposition ?? can be applied to the 
Ti-invariant function induced by fif^ on MR fi'^{t) and the Ti-equivariant form 
induced by r]e^a. By combining this with Remark ?? and using Theorem ??, 
Remark ?? and (??) of Proposition ?? we get 

/ nirje^a) — / K,{r}e^a) 
Jn{v) 7p-i(vmM-Mei)/T 



(4.5) = no / ResYi=oKr-i 



Eef:-||ei||2<(ei,M(E))<0 



E//Tr-i efi 



Now we need to show (??). Note that the restriction of P : M x g ^ G to 
fi~^{t) = M X t is invariant under the translation saq : M x g ^ M x g defined 

by 

SAo ■ (m, A) (m, A + Aq) 
for Aq G A^ = ker(exp) in t. So for Aq = ei 

/ K{r)e^a)= / k(s| (jye'^a)) 

Jp-HV)-^nt^-Hei)/Tr Jn{v) 

= / K{rie''^ e"^^ a) 
Jn{V} 

This proves (??). 

It is proved in [?] (Proof of (3.10)) that 
(4.6) Krp^f^Resi = ResiKrp^f^ 

where the notation Resi was introduced in (??) and on the left hand side of (??) 
we have 

Resi : H^{fi-\t) n M) ^ H*^/fS^h n ^-^(t)) 

(where Mi is the fixed point set of the action of Ti on M) while on the right 
hand side we have 



Res, : i?^^(/.-i(t)//(T/ri)j ^ H*{,,'\t)//T). 
This enables us to deduce (??) from (??). □ 
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Remark 4.5. The proof of Lemma 6.7 in [?] was for the case M = G , but the 
only property of this space used is that $ is proper and the explicit identification 
of a suitable set V in [?] , Proposition 6. 5. 

We now come to a lemma which asserts that the fixed point set of the action 
of a circle subgroup on a quasi-Hamiltonian G-space is also a quasi-Hamiltonian 
space. This result is a special case of [?], Proposition 4.4. The result is valid for 
subgroups S of rank higher than 1, but we state it only for S = since this 
is the only case we need to make the induction work. We include a proof for 
completeness. 

Lemma 4.6. Let {M,uj,ij,) be a quasi-Hamiltonian G-space and let Ti = S = 

be a subgroup of G. If H is the fixed point set of the adjoint action of S on G 
(the subgroup of G consisting of all elements which commute with all elements of 
S), then H is a Lie subgroup of G and is a quasi-Hamiltonian H -space. 

Proof. Since M is a quasi-Hamiltonian G-space, it satisfies the three axioms 
given in Definition 1.1. We need to check that these axioms are also valid for the 
H -space . 

(1) Let is ■■ M, and = ^g\ms- (Notice that on $g takes values 
in H, by equivariance of Then 

dlgLO = LgduJ 

= -^*hXh 

(2) If^eh 

(3) At each x G and for ^ G h, we need to show that the kernel of igiOx is 
given by 

(4.7) kerL*siJ^ = {i^^{x),^ G ker(A(i$^(^) + 1)}. 

We know that for x € , KeiLO^ = {i^^, ^ ^ g, Ad$(a.)^ = -^}. If f G T^M^ sat- 
isfies u{v, y) = for all Y G T^M then v = for some ^ G g with Ad$(3,)^ = — ^. 
It suffices to prove that ly^ix) G TxM^ if and only if ^ G h. It is obvious that 
if ^ G h then y^{x) G T^M^ . To prove the converse, we see that if ^ h then 
(restricting to ^ which are orthogonal to the Lie algebra of Stab(x) in the bi- 
invariant inner product, so that the map ^ becomes bijective) Ad^^ ^ ^ 

for s a generator of S. Hence Ad^f^ ^ which implies ^ TxM^, as we wished 
to prove. 
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□ 

Remark 4.7. IfT is a torus which is a subgroup ofG and M a quasi- Hamiltonian 
G-space, then $-i(r) is a quasi- Hamiltonian T -space. Thus also ^(t) is a 
Hamiltonian T -space. This is proved in [?] . 

Remark 4.8. Under the hypotheses of Lemma ??, T C H and Ti C Z{H). Thus 
Tr-i = T/Ti is a group of rank r — 1 with a quasi- Hamiltonian action on M'^^ . 
This enables us to perform an inductive argument. 



Prom Lemma ??, we get 

/ K{r]e^a)— l n{rie^ e^'^ a) = / «;(7ye'^(l — e^^)a) 
Jn{V) Jn(v) Jn(v) 



(4.8) =no ^ / Kr-iResYi=o 



rje a 



Eef:-||ei||2<(ei,ME)><0'^'^//^'-i 



Thus 



Proposition 4.9. Under the hypotheses and in the notation of Lemma ??, we 
have 

(4.9) / nirje'^a) = no V / Kr-iResY^=o — 7^ ^ 



5. Residue formula for quasi-Hamiltonian spaces 

We shall now list some properties of diagonal bases which will enable us to 
use the general form of Szenes' theorem (Theorem ??) to relate our results with 
Alekseev-Meinrenkcn- Woodward's results in Section 6. 

Let ti be the Lie algebra of a circle subgroup Ti = S^. Let e'l be an element 
of the weight lattice of T, which projects to a generator of ti . We will study 
diagonal bases for t (g) C; these will correspond to a choice of weights. We refer 
to Definition ?? and Remarks ?? and ??. 

Let be a subgroup of T. The purpose of the following lemma is to show that 
diagonal bases for hyperplane arrangements for the Lie algebra of S/Ti may be 
converted into diagonal bases for a hyperplane arrangement in the Lie algebra of 
S by adjoining a generator of ti to each ordered basis of Lie(5/Ti). 

Lemma 5.1. Let {a[, . . . ,a^j} be a collection of elements in s*, where S <T 

is a subgroup of T such that Ti C S, and s is the Lie algebra of S. Suppose 
a' = {a[, . . . , cr'j^.^} is a diagonal basis for a hyperplane arrangement A' in s/ti 
corresponding to a chosen total ordering on the hyperplane arrangement A' which 
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comprises the weights for the action of S/Ti on all tangent spaces TpMi for all 
components F of the fixed point set of the action of S/Ti on Mi for some subgroup 
SofT satisfying Ti C S, where Mi is a component of M'^^ . So each a'j is a basis 
fors/ti. Then a = {a[ U ei, . . . ,ct^^ Uei} is a diagonal basis for the hyperplane 
arrangement A' U {ei} in s, which corresponds to a subset of the weights of the 
action of S on all tangent spaces TpM at all components F of the fixed point set 
of the action of S on M. 

Proof. Suppose (j'j = {a'j_^ , ■ ■ ■ , ct'j^ ^ ) and cr^, = (ct^^ , • • • , a^^, ^ ) arc ordered bases 

which are members of a diagonal basis for a hyperplane arrangement in s/ti. 
(Here, £ is the rank of S, and k = {ki, . . . ,k£-i) and j = {ji, . . . ,ji-i) are 

multi-indices.) We note that if a'j = {a'j^, . . . ,o/j^_^) and {Z')^^ = Oij^{X) for 
I < t < £ — 1, then by the definition of a diagonal basis (Definition ??, (2)) we 
have in the notation of Definition ?? 

(5-1) Res-^ I ; \ = Si, 

where Sj, = 1 if all the multi- indices ks = js (for s = !,...,£ — 1) and = 
otherwise. Then we form 

zp = (z')^^ i<t<£-i 

and = ei{X). (Note that the are all equal for all j.) 

Then it is clear that for each j the set which is the union of el and the basis 
a'j is a basis for s. Also, we have that 

Res'^^ ) 



(Res"^) 



Res, 



= Res'^^— ^ = 5^ (by (??)). 

Hence a defined as in the statement of Lemma ?? is a diagonal basis for A'ulei}. 

□ 

Note that in this section we identify weights of S with weights of T using an 
invariant inner product on t. 

Lemma 5.2. We have 

M/M^ = m'/m;,, 

where M' is the dual lattice of the lattice N' associated to the hyperplane ar- 
rangement A' in Lemma ??, and M^, is the sublattice of M' corresponding to 
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the ordered basis a' for s/ti, and a = a' U {ei} is an ordered basis for 5. Recall 
that Mo- was introduced in the statement of Theorem ??. 

Proof. By definition M is tlie lattice generated by M' and e~i and M^/ is the 
lattice generated by all a € a' so M^- is the lattice generated by the a G a' 
together with ei. Thus the lemma follows immediately. □ 

Lemmas ?? and ?? give the following. 

Lemma 5.3. Let e\ be a weight of T which generates the subgroup T\ = in 
T. Here the subgroup S is as in Lemma ??. Then there is a diagonal basis ofT 

consisting of {ei U . . . , e'l U ^7jv} where {vi, . . . , ?;jv} is a diagonal basis for the 
hyperplane arrangement in Lie(5/Ti) corresponding to the weights of the action 
of S/Ti on the tangent bundle to all components of the fixed point set of the action 
of S/Ti on Ml. (Note that here each Vk is a basis for s/ti.) 

In the following theorem we consider a sum over all connected subgroups S of 
the maximal torus T of G such that Ti C S, with Lie algebra s. We then consider 
a sum over all connected components F of for which T/S acts locally freely 
on F (we refer to these as F G J-'{S)\,{_). 

Remark 5.4. In Example 7.3 we exhibit an example where a nontrivial group 
T/S acts locally freely on F C . 

Theorem 5.5. (Residue formula in the general case) Let j3 be an equi- 
variant cohomology class of the form rje^ where rj € Hq{M). Assume c G T is a 
regular value for 

Let OB be the diagonal basis in OB{A) corresponding to a total ordering of the 
elements in a hyperplane arrangement A = A'{S/Ti) U {ei} for s (see Lemma 
??). Here A'(S/Ti) is a hyperplane arrangement for s/ti which comprises all 
weights Pfj for the action of S on the normal bundle to some component F of the 
fixed point set of a connected subgroup S ofT. We sum over all such connected 
subgroups S. We have 
(5.2) 



/ 

•J u 



(0)/G "'Ol^^ \ Jfj.-^t)//T 



S<iT a&OB{S) Fer{S)i,i, 



where the notation Res'^ was introduced in Definition ??. Here X E. t x C The 
notation ep refers to the S-equivariant Euler class for the action of S on the 
normal bundle to F in M. Also, ui and Hq were introduced in Proposition ??. 
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Proof. We shall perform an induction reducing the rank of the group T that 
acts on M, replacing M by a component Mi of M^^, replacing T by T/Ti and 
replacing rj by Rcsir/ in the notation of (??). Finally we reach a space Mj and a 
group Tj for which Tj acts locally freely on Mj. 

Let T] G H^{M); then by (??) combined with periodicity (in other words with 
Proposition ??) we have 



(5.3) / KTiVrie^) 

i(t)//r 



^ VHt)nMinM-/^^^(o)/(T/fi) ^ / " 



-0 



Here e\ G t generates Ti and Mi is a component of for which < {jJif^ ^i) 
< (ei, ei) (the set of such Mi is in bijective correspondence with the components 
Ml of M^i). Also z> is the normal bundle to Mi in /i~^(t) and e(z>) is its equi- 
variant Euler class in /x~^(t). These objects are in bijective correspondence with 
the corresponding objects u and e^v) in M, because when we restrict to fi~^{t), 
the exponential map becomes a local diffeomorphism so the projection map from 
M n /U~^(t) to M n <I>^^(T) is a covering map. 

Recall from Remark ?? that the restriction of /it to n~^{t) is proper. Hence 
Proposition ?? can be applied. In the first paragraph of the proof of Lemma ?? 
(referring to Lemma ??) we establish the existence of regular values so that we 
can apply Proposition ??. 

We assume by induction on r that 
(5.4) / . Kr-i{Vr,en = E E E 

Ht))^i//(T/Ti) S'<T/fiCT'eOB{A'{S'))F'eHS')l.f. 

where OB(A'{S')) is a diagonal basis associated to a hyperplane arrangement 
A'(S") in t/ti consisting of all weights for the action of 5" on the normal bundle 
to F' for all F' G J^{S')u. (see Lemma ??) and ep' is the (S" := S'/Ti)-equivariant 
Euler class of the normal bundle in n~^(t)'^^ to a component F' of the fixed point 
set of the action of S' on ^^^t), while X' G t/ti «) C. Notice that F' G J^(S") 
inherits a Hamiltonian action of T/S' . If T/5" acts locally freely on F', then we 
cannot proceed further with the induction. Otherwise, continuing the induction 
we finally replace F' by the fixed point set F" C F' of a subgroup S" for which 
T/S" acts locally freely on F" . 
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Remark 5.6. Note that if we define S to be the puUback of the subgroup S' under 
the projection map T T/fi, it is clear that T/S ^ T' / S' where T' = T/fi. 

Combining (??) with (??) we obtain 
(5.5) 

^ ^^>"^ Mi 5'<T/Ti<T'GOB(A'(S'))F'e^(5')i.f. ' ' " ^ 



By Lemma ?? there is a bijective correspondence between the elements a' in the 
diagonal basis OB{A'{S')) and the elements cr in a diagonal basis OB{A{S)). 

Note that ep/e-^^ is the equivariant Euler class of the normal bundle to F in 
/x~^(t). The equivariant Euler class of the normal bundle to i*" in M is ep = e^T>. 
Collecting these results we obtain (??). 

By Lemma ?? the denominator of (??) is eFllaeo-C-'^ ~ e"*^"'^-') for a the el- 
ement of OB(A(S)) formed from a' and ei. This lemma also exhibits a bi- 
jective correspondence between OB{A'{S')) and OB{A{S)). By Lemma ?? 
|M'/M^/| = |M/Mct^|. In Remark ?? we have exhibited a bijective correspon- 
dence between connected subgroups S containing Ti and connected subgroups 

S' of T/fi. The space F' is a component of (^fi-^ (t)'^^^ on which T'/S' acts 

locally freely, so it is a component F' = F of /x^^(t)'^ on which T/S acts locally 
freely. Finally the residue Res'^ Resy^=o is equal to Res'^. 

This gives the result, using Lemmas ??, ?? and ?? to identify the diagonal 
bases. 

Note that the finite sum 

g-m(X) 
ff J 

meM/M. 



parametrizes a class of different components of the fixed point set of the T action 
in M n n~^{t) which correspond to a given F C M Ci $~^(r) (by specifying 
different values of the moment map fi which correspond to the same value of 



□ 
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6. Alekseev-Meinrenken- Woodward 

As we explained above, in [?] Aleksccv, Meinrenken and Woodward gave a 
formula for intersection pairings of reduced spaces of a quasi-Hamiltonian G- 
space. In this section, we will relate our formula with Alekseev-Meinrenken- 
Woodward's by using Szenes' theorem (Theorems ?? and ??). 

Let A"* denote the weight lattice in t*. For A G A"' let x\ denote the character 
of the corresponding irreducible representation V\. 

Let c G Z{G). If c is a regular value of $ let 

be the composition of the pull-back to the level set Hq{M) —>■ Hq{^~^{c)) and 
the isomorphism Hq{^~^{c)) = H*{^^'^{c)/G). (Here by analogy with (??) we 
define M^ed = ^~^{c)/G, cf. Theorem ??.) For any A € A*", ah fixed point 
manifolds F G ^(A + p) (defined in the statement of Theorem ??) are contained 
in the prcimage of the maximal torus ^~^[T). This follows by cquivariance of 
$. In fact, F is a quasi-Hamiltonian T space in the fixed point set of Si (where 
Si is the connected subgroup of G generated by A + p), with LOp = t*pLO as its 
symplectic form and = as its moment map. Since takes its value in 
r, we can compose with the map T U{l),t t^~^P and this composition is 
denoted Note that is constant along F. 

Theorem 6.1 (Alekseev-Mcinrcnken- Woodward [?]). Let G he the direct product 
of a connected, simply connected Lie group and a torus, and (M,lo,^) a compact 
quasi-Hamiltonian G-space. Suppose f3 is a class of the form f3 = rje'^ where 
rj G Hq{M) and to was defined in (^??j. Then we have ([7], first equation p. 346, 
after the proof of Theorem 5.2) 

(6.1) / K(r7)exp(a;red) = 

where k is the order of the principal stabilizer and dx = dim Vx. Here, T{\+p) 
is the set of components of the zero locus of the vector field associated to X + p. 
We use the notation A"^ to denote the set of weights in the fundamental Weyl 
chamber, i.e. the dominant weights. 

Note that in [?], the sum over A G is actually over A"^ C t+, the image 
in t of the intersection of the fundamental Weyl chamber in t* with the weight 
lattice under the bijective map t* — > t given by the bi-invariant inner product. 
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This map identifies the integer lattice in t with a sublattice of the image of the 
weight lattice. 

To study the formula in the above theorem we need some tools from Lie group 
theory. 

Theorem 6.2 (Weyl dimension formula, [?]). // the irreducible representation 
V\ of G has highest weight \, then its dimension is given by 

drmV,= n 

aeR+{G) ^ 

where (■, •) is the W -invariant inner product on t corresponding to the bi-invariant 
inner product on g, and R+{G) are the positive roots of G. 

Comparing Theorem ?? with Theorem ??: We will compare the formula 
(??) from [?] with our formula (??) in Theorem ??, when G is a compact Lie 
group which is the product of a connected simply-connected Lie group with a 
torus. 

Remark 6.3. In fact Theorem ?? is valid for arbitrary compact connected G 
if the formula is interpreted in an appropriate way, using a finite cover G' of 
G which is a product of a connected simply- connected group and a torus and 
an associated quasi-Hamiltonian G' -space M' which is a finite cover of M. For 
simplicity the formula in [?] Theorem 5.2 is stated under the hypothesis that G is 
the product of a connected simply connected Lie group and a torus. See Section 
5.2 of [1]. 

Our proof invokes the hypothesis that G is the product of a connected simply- 
connected group and a torus to identify p (half the sum of the positive roots of G) 
with an element in the weight lattice of G (see Remark 7?). 

We will use Szenes' formula (Theorem ??) to relate (??) to our formula. We 
recast (??) (replacing 27ri(A + p) by A + p) as (??) below. We observe that T 
acts on each component Fi of the fixed point set of A + p, so we can apply the 
Atiyah-Bott-Berline-Vergne localization theorem to replace 

r?(A + p) 



by 



for any subgroup S of T containing the subgroup Si generated by A + p (using 
the fact that the equivariant Euler class is multiplicative so ej? is the product of 
epi with the equivariant Euler class of the normal bundle to Fi in F). We replace 
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Fi by F and 5*1 by S and continue inductively until we reach a subgroup S for 
which T/S acts locally freely on F. 

Remark 6.4. Recall that since G is assumed to be the product of a connected 
simply connected group and a torus, p G A"' . So we replace the sum over X + p by 
a sum over G Aq C t, where Aq is the set of strictly dominant weights, in other 
words those weights in t+ not on the boundary o/ t+ (not on any hyperplanes 
specified by one of the fundamental weights). We have used Weyl invariance of 
the sum to replace the sum over strictly dominant weights by a sum over the reg- 
ular weights ( those weights in t not on any hyperplanes specified by fundamental 
weights). 

Hence we obtain 



. C^ Jf'^f{X + P) 

where is the fixed point set of the action of S" on M and e^;' is the equivariant 
Euler class for the normal bundle to F in M. Here (M'^)i.f. denotes the compo- 
nents F of the fixed point set of S acting on M for which TjS acts locally freely 
on F\ this is indexed by the set T{S\,i.- We subdivide Aq into collections Ag (S*) 
of regular weights ^ in the Lie algebra of a connected subgroup S (those regular 
weights of G which lie in 5) . 

Now the formula (??) becomes 



(Here, for each F we have chosen /x(F) G t for which $(F) = exp/x(F). The 
quantity e^'^(^)'^^ is well defined because ^ G A"'.) Now we apply Szenes' theorem 
(separately for each S) to 

(6.4) ss:= E ^"^^^^^'^^m) 
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where 



for X G Lie(r). 

According to Szenes' theorem (Theorem ??), 



(TeOB(A«(5)) FeJ^{S)i. 



Here X5 € Lie(S') C and M c t* is the dual lattice to the lattice A'^{S). 
We use the hyperplane arrangement A^[S) given by the restriction of the simple 
roots of G to the Lie algebra s of S, and choose a diagonal basis OB{A^{S)) for 
this hyperplane arrangement. 



This gives for the final form of Theorem ??: 



where the notation Res'^ was introduced in Definition ??. Here Xs is a variable 
in s C. 

Comparing (??) to our formula (??) in Theorem ?? the differences are: 

(1) The presence in Theorem ?? of and evaluation on F// (T/S) rather than 
F as in Theorem ??. The identification between the two formulas follows because 
the following result is true: 

Proposition 6.5. If a locally free action of T/S on a quasi- Hamiltonian T/S- 
space (-F, induces an action of T on F, then for all rj € H^{F) and corre- 
sponding (3 = rje'^ 



(6.6) / f3oi*s= / kt/sP 

Jf Jf//(t/s) 

where the inclusion is ■ S ^ T induces ig : H^{F) H^{F) (setting the 

variables X corresponding to T/S to zero) and both sides of (11) are in Hg, 
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and kt/s '■ H^{F) — >■ Hg{^ ^{e)/{T/S)) is the Kirwan map (in other words 
the restriction map to $~^(e) composed with the isomorphism i?yyg($~^(e)) = 
H*{^-He)/{T/S))). 

To prove this result it suffices to consider the case S = {e} for which it reduces 
to verifying that 

(6.7) / e^v{Xj = c^^y)= [ e'^v\ix=oy 

(Here c^ is the first Chern class of the line bundle associated to the principal 
T-bundle 

(6.8) T $~^(e) ^ $-^(e)/r 

by the j-th weight T U{1).) 

Proposition ?? is clear when the c^^^ are (i.e. when the bundle (??) is trivial). 
In general it is a special case of Theorem 5.2 of [?] (the case where the group G 
is a torus and acts locally freely on M). We expect it may be possible to give a 
direct proof of this special case without relying on the full strength of Theorem 
5.2 of [?]. For a related result, see [?]. 

(2) Differences between overall multiplicative constants 

k -r-r 1 

and 

ni 



\W\n', 

Since by [?] Cor. 7.27 

VOIG f-r 1 

aeR+{G) ^ 

where the volumes are taken with respect to the metrics on G and T given by 
the bi-invariant inner product (•, •), the equation (??) is equal to 

(27r)2"+A: 
\W\{volTy' 

So the difference is j^^j^ versus -^Fjjjj^j^fyi • This difference arises from the nor- 
malization of the Riemannian metrics used in (??). 

(3) The hyperplane arrangement A^{S) used in (??) is different from the hyper- 
plane arrangement A (5) used in Theorem ??. If the weights at all components 
F G J^{S) are roots, the same hyperplane arrangement can be used. This is true 
for example in the case studied in [?] . 
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7. Applications 

Example 7.1: The main example for which the residue formula has been used 
previously to compute intersection numbers in reduced spaces of quasi-Hamiltonian 
spaces appears in [?], for which M = G^^ (where G = SU{n) and G acts by conju- 
gation on M) . In this example the fixed point sets of all vector fields vx associated 
to weights A are equal to = T^'*. 

Example 7.2: If T is a torus, a standard example of a quasi-Hamiltonian T- 
space is M = T xT, with the action of T given by multiplication of the first copy 
of T. In this case T acts freely on M. The moment map is the projection to the 
second factor T. The reduced space for this action is a point. 

Example 7.3: An example due to C. Woodward [?] occurs when G = SU{3), 
with rank two maximal torus T for which M is constructed starting with Gx^CP^ 
by replacing three orbits G/T (corresponding to the three fixed points of T in 
CP2) by G/U{l)j (for j = 0, 1,2). Here U{l)o C T is generated by p (where p 
is half the sum of the positive roots, identified as an element of t using the bi- 
invariant inner product) and U{l)j is generated by Cjp (for j = 1,2) where Cj are 
nontrivial elements of the Weyl group (the cyclic permutations). The fixed point 
set Fj of U{l)j acting on M is symplectic, and is isomorphic to x with a 
multiple of the standard symplectic structure (this is the case treated in Example 
7.2). The normal bundle of Fj is trivial, and is isomorphic (as a representation of 
U to C © t-*- (the direct sum of the trivial representation and the restriction 
from T to U{l)j of the adjoint representation of T on the orthocomplement t"*" 
of t in g, where U{l)j acts on t"*- via Cjp.) Thus the Euler class is 

eF,{Y,) = 7i(y,)72(^,)(7i(^,) +72(^,)) 

where 71 and 72 are the simple roots of SU{3) and the third positive root is 
71 + 72, and we have denoted by 7^- the restrictions of 7^ to the Lie algebra of 
U{l)j. Here we have introduced a nonzero element Yj of the Lie algebra of i7(l)j. 

In this example M-^ = 0. The orbit type decomposition consists of two con- 
nected strata: the principal stratum where G acts freely, and another stratum 
Ml where the stabilizer is conjugate to U{1). 

By Theorem ?? the relevant subgroups S are the U{l)j conjugate to U{1); the 
group T/S is also isomorphic to U{1), and T/S acts freely on the fixed point set 
Fj oi U{l)j. So there is only one element in the hyperplane arrangement (which 
we denote by aj) and M^- = M. So the expression in Theorem ?? reduces to 
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where Yj € Lie({7(l)j) is as above. In this example, Fj = C/(l) x ^7(1) so 
Fj//{T/U{l)j) is a point, as in Example 8.2. Thus the final map KT/u{i)j 
our computation is 

Kuii) : X [/(!)) - H*{Uil)) ^ iJ*(point) = H*{^-\e)/U{l)), 

which is the pullback map. 
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